Abstract. We study arithmetic progression in the x-coordinate of rational points on genus two curves. As we know, there are two models for the curve C of genus two: C : y 2 = f 5 (x) or C : y 2 = f 6 (x), where f 5 , f 6 ∈ Q[x], deg f 5 = 5, deg f 6 = 6 and the polynomials f 5 , f 6 do not have multiple roots. First we prove that there exists an infinite family of curves of the form y 2 = f (x), where f ∈ Q[x] and deg f = 5 each containing 11 points in arithmetic progression. We also present an example of F ∈ Q[x] with deg F = 5 such that on the curve y 2 = F (x) twelve points lie in arithmetic progression. Next, we show that there exist infinitely many curves of the form y 2 = g(x) where g ∈ Q[x] and deg g = 6, each containing 16 points in arithmetic progression. Moreover, we present two examples of curves in this form with 18 points in arithmetic progression.
Introduction
Let f ∈ Q[X] be a polynomial without multiple roots and let us consider the curve C : y 2 = f (x). We say that rational points P i = (x i , y i ) for i = 1, 2, . . . , n are in arithmetic progression on the curve C, if rational numbers x i are in arithmetic progression for i = 1, 2, . . . , n. A positive integer n will be called the length of arithmetic progression on the curve C. A natural question arises here: How long can arithmetic progression on the curve y 2 = f (x) with fixed degree of f be? Through the whole paper by a point we mean a rational one.
In case of polynomials of degree one, this question is equivalent to the question about the number of squares which form an arithmetic progression.
It is not difficult to show that there exists an infinite family A 1 of polynomials of degree one, with the property that for each f ∈ A 1 there are 3 points in arithmetic progression on the curve y 2 = f (x) (of genus 0). It turns out, however, which was already proved by Fermat, that it is impossible to construct arithmetic progression composed of four squares.
In paper [1] Allison has shown that there exists an infinite family A 2 of polynomials of degree two, such that for each f ∈ A 2 on the curve y 2 = f (x) (of genus 0) eight points lie in arithmetic progression.
In the case of polynomials of degree three, Bremner in [2] has constructed an infinite family A 3 with such a property that for every f ∈ A 3 on the curve y 2 = f (x) (of genus 1) 8 points lie in arithmetic progression. A similar result with the use of other methods was obtained by Campbell in [3] .
In the case of polynomials of degree four, in [8] we have constructed an infinite family A 4 with such property that for every f ∈ A 4 there are 12 points in arithmetic progression on the curve y 2 = f (x) (of genus 1). It is worth noting that MacLeod in [5] has constructed polynomials F i , (i = 1, 2, 3, 4) of degree four such that on each curve y 2 = F i (x) there are 14 points in arithmetic progression.
In all above cases, each of the families A 2 , A 3 , A 4 is parametrized by rational points on some elliptic curve of positive rank.
It is reasonable to define the following quantities We have obvious inequality
The above results can be grouped in the following manner: Table 1 In this paper we will concentrate on quantities m(d) and M (d) for d = 5, 6. Let us note that it corresponds to the construction of arithmetic progressions on hyperelliptic curves of genus 2. In case of d = 5 we show that m(5) ≥ 12 and M (5) ≥ 11. When d = 6, we first show that there exists a polynomial G(t, x) ∈ Q(t) [x] such that there are 14 points in arithmetic progression on the curve y 2 = G(t, x). Using another approach we prove that m(6) ≥ 18 and M (6) ≥ 16.
Case of d = 5
Using a method similar to that used by Campbell in [3] we will show the following Theorem 2.1. There exist polynomials
Proof. Let u be a variable and let us consider a polynomial
As we know, there is exactly one pair of polynomials h, f ∈ Q(u) [x] such that deg x h = 6, deg x f = 5 and
In our case the polynomial f is in the form of
where a 0 = 5695244944u 2 − 12894461800u + 263250625,
If u is rational and u = 11/2 then the polynomial f (u, x) is without multiple roots. Thus, we see that in this case there are 10 points in arithmetic progression on the curve y 2 = f (u, x). Let us now consider curve Q 1 with the equation p 11 ). This is a quadric with rational point (11, 16225). Using the standard method we have a parametrization of the curve Q 1 given by:
If we now define
, where u 1 (t) is as above, then on the curve
there are 11 points in arithmetic progression. We can similarly parametrize the quadric Q 2 given by the equation p 2 2 = f (u 2 , 0) with rational point (0, 16225). In this case the parametrization takes the form
If we now define F 2 (t, x) = f (u 2 (t), x), where u 2 (t) is as above, then on the curve
there are 11 points in arithmetic progression.
Finding of such a rational t that on the curve C 1 there are twelve points in arithmetic progression requires finding rational points on the curve
or on the curve
Then, points with x-coordinates in {1, 2, . . . , 12} (respectively with x-coordinates in {0, 1, . . . , 11}) will be in arithmetic progression on the curve C 1 . In the case of the curve C 2 we obtain the same curves. It is easy to see that the above curves have Q p -rational points for every p, but unfortunately we did not manage to find a rational point on any of the above curves. It seems that finding a rational point on any of the curves (or showing that such points do not exist) may be a difficult task.
Remark 2.2. The statement of Theorem 2.1 can also be obtained using the following reasoning. Let us consider the polynomial
Then there exist polynomials p, F ∈ Q(t) [x] , such that deg x p = 6, deg x F = 5 and
Then the curve C : y 2 = F (t, x) contains 11 points in arithmetic progression. Unfortunately, in this case the polynomials F (t, 0) and F (t, 12) are irreducible of degree 6, and each of the curves y 2 = F (t, 0), y 2 = F (t, 12) contain only finitely many rational points. Therefore, the curve C cannot be used to construct an infinite family of curves with the required property.
The following example found with the use of computer shows that m(5) ≥ 12. Consider the curve
We have the following points in arithmetic progression on the curve C:
{(1, 19), (2, 55), (3, 37), (4, 1), (5, 11), (6, 31), (7, 35) , (8, 23 ), (9, 29), (10, 89), (11, 181), (12, 305)}.
Case of d = 6
Let us begin with the following Theorem 3.1. There exists a polynomial H(t, x) ∈ Q(t)[x] of degree deg x H = 6, such that fourteen Q(t)-rational points lie in arithmetic progression on the curve
Proof. Let t be a variable and let us consider a polynomial
Then there is exactly one pair of polynomials g, H ∈ Q(t) [x] such that deg x 8 = 6, deg x H = 6 and h(t, x) = g(t, x) 2 − H(t, x).
In our case the polynomial H is in the form
Therefore, we see that on the curve
fourteen points lie in arithmetic progression. These points are of the form P i = (i, g(t, i)) for i = 1, 2, . . . , 14.
The first part of the proof of Theorem 3.1 suggests considering polynomials which are invariant with respect to the change of variables x → 15 − x. Let us, therefore, consider the polynomial
For f defined in this way we have
Therefore, we see that in order to obtain on the curve y 2 = f (x) an arithmetic progression of the length 14, it is necessary to investigate a system of equations
Using a substitution (p, q, r, s, u) = (a + u, b + u, c + u, d + u, u) we obtain a parametrization of solutions of the first equation of system (3.2) (p, q, r, s, u) = (14a 2 − 154ab + 77b For A ∈ Q \ S, where S = {−240/233, −219/254, 1, 475/2}, the polynomial g A does not have multiple roots. From this we can conclude that for A ∈ Q \ S on the curve
fourteen points lie in arithmetic progression. Now, it is an easy task to prove the following Theorem 3.2. There exist infinitely many A ∈ Q such that on the curve C A : y 2 = g A (x) there are 16 points in arithmetic progression.
Proof. Let us set x = 0 and consider the curve
It is easy to see that on C we have rational point P = (1, 1342374). As we know, the curve of the form y 2 = f 4 (x), where deg f 4 = 4, with rational point is birationally equivalent to an elliptic curve with Weierstrass' equation [6] . Using APECS program [4] we obtain that C is birational with the curve E : y 2 + xy + y = x 3 − x 2 + 21015110653x + 1214962664541571.
For the curve E we have Tors E(Q) = {O, (−51365, 25682)}, and again using APECS we obtain that free part of E(Q) is generated by As an immediate consequence, we get that there are infinitely many rational points on the curve C and all but finitely many define the curve C A : y 2 = g A (x) with 16 points in arithmetic progression.
To show that m(6) ≥ 18 we have taken the polynomial of the form (3.4) h(x) = c 3 (x(x − 19)) 3 + c 2 (x(x − 19)) 2 + c 1 x(x − 19) + c 0 .
With help of computer we found the following numbers c 0 , c 1 , c 2 , c 3 such that the polynomial (3.4) has values which are squares of integers for x = 1, 2, , . . . , 18:
c Table 2 
